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Abstract 

We construct the weak nonstandard hull of a normed linear space X 
from *X ( the nonstandard extension of X) using the weak topology on 
X. The bidual (i.e. the second dual) X" ts shown to be isometrically 
isomorphic to the weak nonstandard hull of X. Examples and applications 
to C*-algebras are given, including a simple proof of the Sherman- Takeda 
Theorem. As a consequence, the weak nonstandard hull of a C*-algebra 
is always a von Neumann algebra. Moreover a natural representation of 
the Arens product is given. 

Every normed linear space X extends naturally to the bidual X" . Less well-known 
among functional analysts is that X also has a natural extension to a nonstandard 
version *X using methods from the Nonstandard Analysis. In a sense, any extension 
of X with respect to some formal properties can always be identified from *X. The 
aim of this article is to relate X" and *X and exploit the link between them. 
The main tool comes from a modification of W.A.J. Luxemburg's nonstandard hull 
construction ([1]). 

In §1 we give a very brief summary of the methodology and terminologies from 
nonstandard analysis. A generalization of the nonstandard hull construction is 
given. In §2 a representation of the bidual of a standard normed linear space X 
as the weak nonstandard hull of X is constructed from *X. In §3 applications of 
this representation to some sequence spaces are given. In §4 we apply our results 
to C*-algebras. Based on the weak nonstandard hull representation of the bidual, 
we produce a simple nonstandard proof of the Sherman- Takeda Theorem that the 
bidual of a C*-algebra forms a von Neumann algebra. In particular, this shows 
that the weak nonstandard hull of a C*-algebra is always a von Neumann algebra. 
Moreover a natural representation is provided for the Arens product (s) on the 
bidual. 
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1. Preliminaries and the general nonstandard hull construction 

Background from nonstandard analysis is summarized as follows. 

The nonstandard extension of a standard mathematical object X is denoted by 
*X. (Note the various usages of the star symbol in this article.) The extensions are 
done simultaneously for all ordinary mathematical objects under consideration and 
with the preservation of all set theoretical properties among the extensions express- 
ible in the first order logic in the language consisting of the membership symbol. 
This is referred to as the Transfer Principle. In particular we have extensions such 
as *N, *R and *C which behave with respect to each other in the same formal 
manner as N, M and C. Since we regard X C *X, any element a in X is also written 
as *a, depending on the emphasis. An element from some *X is referred to as an 
internal set. Since X £ V{X), the power set, each *X itself is internal; but there 
are internal sets not of this form. Non-internal sets are called external. We identify 
a property with the set it defines, so we may speak of *P when P is a standard 
mathematical property. 

Elements in the set *N are called hyperfinite] a set counted internally by a 
hyperfinite number is also called hyperfinite (this is the same as *finite); given 
r, s e *M, if |r — s| < 1/n for all n e N, we write r w s {infinitely close)] r is called 
infinitesimal when r « 0; a finite element r of *R (written |r| < oo) is one with 
r| < n for some n G N; such r is « s for a unique s G M (called the standard part] 
in symbol: s ~ °r). We use similar notions for elements in 'C. 

For some uncountable cardinal k sufficiently large for our purpose, we assume 
throughout that the so-called k.- Saturation Principle is satisfied in our universe 
of nonstandard objects (which is possible under a weaker form of the Axiom of 
Choice), namely: 



We refer the readers to Ij for details of the construction of nonstandard universe 
and the methodology of nonstandard analysis. 

Alternatively, material in this article can be formulated in the less intuitive 
and more complicated language of ultraproducts, namely one regards *X as some 
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ultrapower Y[u X and internal subsets of *X as the some ultraproduct Ylu Xi for 
some Xi (Z X and a strong enough but fixed uhrafiher U. 

From a standard normed Hnear space, the nonstandard huU construction, due to 
Luxemburg ([I]), produces a Banach space extension in the standard sense. Here 
we describe a generafization of this method. 

Let X be an internal linear space over Xl. Let W be a (possibly external) set of 
internal seminorms on X. So for each p G W, p : X ^ *[0, oo) and 

Va;,?/ € X\/a € *C \p{x + y) < p{x) + p{y) A p{ax) ~ \a\p{x)\ . 

Write Fm{X) for {x £ X \ suppg^ °P{^) < the finite part of X w.r.t. W. On 
Fm{X) an equivalence relation «w is defined: xi «w X2 iff Vp G W [p{xi) ~ p{x2)]- 
Let 3 :~ {x ^ Fm{X) \ x 0}. Noticing that Fin(X) is a linear space in the 
standard sense and 3 is a subspace in the standard sense, i.e. closed under addition 
and multiplication by a G C (in fact even by finite a G *C), we can form the 
quotient space Fm(X)/3, and denote it by Jf^. Elements x + 3 of X"" are denoted 
by X, where x G Fm{X). For x,y E X^ and a G C, x + ay is defined as a; + (5y, 
for any (3 ^ a. Moreover, 

PL -sup{ Xx) IpG w}. 
It is straightforward to check that all these are well-defined. 

Proposition 1. \\-\\^ forms a norm on X^ under which X^ is a standard Banach 
space. 

Proof. It is easy to see that X* is a standard linear space normed by \\-\\^ . 

Completeness follows from the K-saturation with k chosen to be > (wi + |W|)+ 
as follows. 

Let {xn I n G N} be a Cauchy sequence in X"" . For m G N let fc^ G N so that 

Vn G N [n > k,n \\xn - Xk^ "w < ^ ] • 

By cji-saturation, we can extend {x„ | ri G N} to some internal hyperfinite sequence 
{xn \ n < N} in X, for some N G *N. Let T = {Tp,m |p G W, m G N}, where 
^p,m '■— {xn \ n < N A p{xn ~ Xk^) < l/2m}. Clearly, is a family of internal 
sets having the finite intersection property. Therefore, by K-saturation, we can find 
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some a; e Pi JF. From the definitions, we have 

Vn, m gN \n> km => sup °p(x — Xn) < — 1 
pew rn 

i.e. xGF'm{X) and hm ||a; — a;„|| = 0. 

n— *oo 

Hence X"" is a Banach space under ||-||^ . □ 

When W = { ||-||}, i.e. an internal norm {{'|| on X, this construction coincides 
with Luxemburg's nonstandard hull. 



2. The weak nonstandard hull and the bidual 

Prom now on X always stands for a standard normed linear space over C. The 
dual space is denoted by X' and hence the bidual (second dual) by X". Each 
bounded linear form (p G X' defines an internal seminorm on *X : 

p^{x) := I *4'{x) \ , where x G *X. 

We further restrict ourselves to the case W = {p^\^ G X', \\^\\ < 1} and write 

^ w 

X, w and ||-|| instead of *X , and ||-||^ . 
We call X the weak nonstandard hull of X. 

Note that Fin( *X) includes {x G *X \ \\x\\ < oo}. It is generally a proper subset. 
Moreover, on Fin( *X), xi » X2 iff Vc/) G X' [ *(l){xi) w *(A(a;2)] . 
Also '3 = {xG Fin( *X) \ *^{x) » 0, e X'}. 

We identify X c X as a subspace via the isomorphic embedding x >-^x. 

The following result identifies the bidual with the weak nonstandard hull of X. 

Theorem 2. The Banach space X is isometrically isomorphic to X". 

Proof. We first define n : X ^ X". For S e X and G X', we let 'jt{x){4>) := 
°[*(f){x)). So n{x) is a well-defined bounded linear form on X'. 

Clearly tt is injective and a homomorphism. We now show that it is surjective 
and an isometry. 

Under enough saturation, let A be a hyperfinite set such that X' c A G . 
Here the inclusion X' C *(X') is given by identifying each (f> G X' with *(f>. Let 
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x" E X" and < e « 0. By transferring Helley's Theorem 1.9.12), there is 
a E *X such that 

||a|| < 11 V'll +e and V0 G A [0(a) = V'(0)] . 

In particular, a G Fin( *X) and V0 G X' [*0(a) « (x") (</))] . 
Consequently, 7r(a) = x" and ||a|| — \\x"\\ . 

Therefore tt is surjective and an isometry. □ 

We remark that only K-saturation for an uncountable k greater than the algebraic 
dimension of X' is needed in the above proof. 
From now on, X is identified with X" . 

Corollary 3. X is a reflexive Banach space iff X ^ X iff the closed unit ball of 
X is weakly compact. 

Proof. By the above theorem and the canonical embedding of X into X, reflexivity 
is equivalent to X = X^ which by definition is equivalent to every point a in the 
unit ball of *X is infinitely close to a standard point c G X in the weak topology, 
i.e. *4>{a) « (/)(c) for all (f) G X' . So by Robinson's characterization of compactness 
([1]), it is equivalent to the weak compactness of the close unit ball of X. □ 

A similar application leads to a proof of Goldstine's Theorem: The closed unit 
ball of X is weak* dense in the closed unit ball of X" . 

The following gives an alternative way of computing the norm in X from the 
norm in *X. 

Theorem 4. Let a EX. Then = inf { ° ||a;|| \ x e Fm{*X), x a} . 
In other words, \\a\\ ~ inf ° \\a + e\\ . 

Proof. For convenience, we write ||a||^ = inf^gj ° \\a + s\\ . 

We let Bx and Bx' denote the open ball {x G X | ||a::|| < 1} and the closed ball 
{(j) & X'\ im < 1} respectively. 

Let e G J, then 

\\a\\^ sup °|>(a)|= sup °|>(a + e)|< °||a + e||. 
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hence ||a|| < ||a||^ . 

To show ||a||^ < ||a|| we first assume without loss of generahty that ||a|| = 1, and 
win show that ||al|^ < 1. 

Claim: Let A C {(j) G X' \ \\(p\\ = 1 } be finite and n,m eN. Then there exists some 
c e (1 + ^)Bx such that ^cj) e AVn e N ° \ *0(a) - <?!)(c)| < i. 

We denote °{*(f>{a)) by r^. Suppose the claim fails. Then for some finite A C 
{(j) e X' \ = 1 } and n, m e N, we have 

Vx e X [ /\ ( |0(x) - < ^) ^ x^{l + ^)Bx . 

i.e. the set {a; G X | A^eA l'^(^) ~ '''4'\ — disjoint from (1 + ^)Bx- Moreover, 

both sets are convex and the latter is open. So by the Hahn-Banach Separation 
Theorem ([6] 3.4), for some 6 e X' and £ > 0, 

(1 + —)Bx C {xeX\ Rc{e{x)) < £} 
rn 

{xeX \ /\ \q}{x) - r^l < -} C {x e X I Re(0(x)) > £}. 

That is, for any x,y € X, whenever ||a;|| < 1 and A^ga I'^iv) ~ — «' then 

(1) Re{0{x)) < < i < Re{e{y)). 

1 + 1/m 

By scaling, we can assume that \\d\\ = 1. 

By saturation, for some x e *Bx, \\0\\ « | *0{x)\ . Replace such x by xe~*^''s(^(^)\ 
we can assume that \\d\\ « *d{x) G *M. Then by transferring (HI), 

1 = ||^?|| « *e{x) < < £ < Re(0(a)) < \9{a)\ 

1 + 1/m 

which gives ||a|| > 1, a contradiction. Hence the Claim is proved. 
From the Claim, by saturation and the transfer, we have 

3c e *X [° ||c|| < 1 A V0 e X'(V(a) ~ Xc))], 
i.e. c « a and ° \\c\\ < 1. Therefore we have \\a.\\^ < 1 as desired. □ 



Corollary 5. Let a E X. Then \\a\\ w \\a + e\\ for some e G 3. 



Proof. By the above theorem, for each n £ N there is e„ G 3 so that 



a - a + Er. 



1 

< -. 
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Extend {£«} to an internal sequence, let e — Sn for any n G *N \ N and notice for 
each ne *N that ||e„|| < 2 ||a|| + - < oo. □ 



3. The spaces cq, ^i, £oo and 6a(N) 

In this section, we draw from results in the previous section some interesting 
conclusions about certain Banach spaces of complex sequences. We let cq, ii, (oo 
respectively denote the Banach space of complex sequences which converge to 0, 
which are summable and which are uniformly bounded, co and are both given 
the supremum norm and each a £ £i is given the norm X^neN I''"! ■ ba{N) 
to denote the Banach space of finitely additive complex measures defined for all 
subsets of N, with the total variation norm. (See [3].) 

It is well-known that Cg = £i, = loo and l'^ = 6a(N). 



an *bn 



< OO } 



Application 6. Let X = cq. Then 

Fin( *X) = Fin( *co) = {a G *co | V6 G 

and, in it, a ^ c ijff V5 G a„ *6„ « c„ *6„. 

Let TT : X ^ X" be given by Theorem\^ i.e. tt : cq — > loo- 

Let a G Cq and let c ^ ioo denote 7r(a). Then from the definitions and transfer, 
we have for all b Cz £i that 

^ an *bn = *b{a) ~ '^{a){b) = c{b) = ^ c„6„ = ^ *c„ *6„. 

ne *N nSN n6 *N 

i??/ taking b = « G N, we /laue a„ « c„ /or aZ/ rt G N. 

Therefore, 7r(a) = (°an)neN- particular, for a G Fin(*co), 



V6 G £i ^ a„ *6„ « iif Vn G N a„ « 0. 

ne *N 

Hence, given any a G *Co wi</i a„ « for all n G N, i/ a„ *&„ 9^ for some 

6 G then a„ zs infinite for some other 6 G £1. 

Moreover, as a consequence of Theorem^ given any a G Fin(*co), there exists 
c G Fin( *cq), such that 

Wb e £1 ^ a„*6„« ^ c„ *6„ and °sup|c„|= sup ° ^ a„ *6„. 
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□ 



A similar application of Theorem [2] and Theorem [4] gives the following concrete 
representation of measures in ba(N). 



Application 7. Let X = £i. Then 

Fin( *X) = Fin( *£i) = {a e *£i | V6 e 4 



nS *N 



< OO } 



and here a ^ c iffVb £oo X] o„ *6„ X] *bn ■ 

n£ *N nS *N 

Let t: : X X" be given by Theorem\^ i.e. tt : — > 6a(N). 

Therefore for each fi G 6a(N), there is a ^ Fin( *£i) such that 7r(a) = /i. 

-Lei 5 C N, so Is G ^oo and 

fj,{S) = dfi = fi{ls) = 7r(a)(l5) « X *ls('^)- 
r/iaf is, by the above and Theorem^ for any fi G 6a (N), there is a € *l 



ne *N 



□ 



4. The bidual of a C*-algebra 

In this section we will show that the bidual of a C*-algebra forms a von Neumann 
algebra. 

Following the tradition, the involution of an element x in an C*-algebra is de- 
noted by X* , not to be confused with the nonstandard extension *x. 

Throughout this section X is taken to be a standard C*-algebra. Recall that 
X" is identified with X, hence has elements of the form a, where a G *X. 

Let H be the Hilbert space corresponding to the universal representation of X 
([2] III. 5. 2.1). Let B{H) denote the C*-algebra of bounded linear operators on H 
and identify X as a C*-subalgebra of B{H) under this representation. 

For p £ H, we let uj^^p denote the linear form in that takes x G B{H) to 

(x(^), p). We also regard uj^^p G X' when dealing only with its restriction on X. The 



9 

definition extends internally to uj(^,p for £,,p <E *H. It is clear that ||w^,p|| < ||C|| ||p|| ■ 
In particular, w^.p G X' for ^, p ^ H. 

Proposition 8. Each element in X' is a linear combination of the lu^^^ where 

Proof. By the universal representation ([2] III. 5. 2.1), positive linear forms from X' 
are precisely the for some £^ E H. On the other hand, each element in X' is 
represented as a canonical linear combinations of some positive ones ([5] II. 6. 3. 4). 

□ 

Given G X', we regard cj) ^ B{H)' via the above canonical representation. 
Also, from Proposition [H the following is immediate. 

Lemma 9. Let a,b E Fin( *X). Then a b iff *W{,p(a) — *uj^^p{b) for all £_,p E H. 

Proof. Since Lu^^p G X' for ^, p £ H, one direction is trivial. 

For the other one, assume that *cj^,p(a) = *ijj^^p{b) for all (,,p E H. Then by 
Proposition El V0 G X' *<j){a) = *(l){b), i.e. a « 6. □ 

For a G Fin( *X) and £„p€ H, 
(2) v;:^ = (a(*p), t) = = » = *^C.p(«*)- 

Therefore we have: 

Corollary 10. Let a,b £ Fin( *X). Then a b iff a* b* . □ 



For fixed a G Fm{*X) and p G -ff, by dJ), the mapping H 3 £^ *cjp,j(a) is a 
bounded linear form on H. Hence, by the Riesz-Frechet Theorem, there is a unique 
rje H such that G (C, 77) = ° 

Moreover, for ^,p E H, ii b E Fin(*X) and a « 6, then *cjp,j(a) w *a;p.t(6), 
since a;p,^(a;) G X'. We thus define 

tt:X"^ B{H) 
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by letting 7r(a) be the bounded operator on H that takes p G to this unique 
f] ^ H. That is, for p £ ■K{a){p) is the unique element in H such that 

veei/ [(e,7r(«)(p)) = «(»)]• 
In case the preimage or the image of tt is in X, we have the following. 

Proposition 11. Let a G Fin(*X). 

(i) If a E X, then 7r(a) = a. 

(ii) If T:{a) £ X then a — *(7r(a)). In particular a k c for some c G X. 

Proof, (i): U a £ X, then V ^, p E H, we have 

{^,7r{a){p)) « (*^,a(») = {^,a{p)). 
(ii): Let & = 7r(a) G X. For (,,p E H, we have 

« (c,^(a)(p)) = « (t, = HOT- 

So we have the required a « *6 as a consequence of Lemma [HI Note & e X. □ 
The following shows that tt is an isometry. 

Lemma 12. Let a e Fm{*X). Then \\a\\x" = lk(a)||B(jy) • 
Proof. First note that 

(3) hmBiH) ^ snp{{^,7T{a){p))\^,peH Am = \\p\\ = l} 
= sup{°(t,a(»)|e,pei/ A ||e|| = ||p||-l} 
= sup{°ra;p.?(«)l K,pGi/ A ||e|| = ||H| = l} < Nl^f. . 
We define for an internal subspace K C *II the following 

e{K) ^snp{\%Ua)\ \ C,peK A ||e|| - ||p|| 1 }. 
Let r — ■ Then by and the transfer, the family {J'Ho.n }; where 

^Ho n '■— \K I K an internal subspace so that Hq C K C *II A \Q(K) — r\ < — ] , 

with indices ranging over all finite dimensional subspace Hq C H and n e N, has 
the finite intersection property. Therefore, as a consequence of enough saturation. 
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we can fix some (hyperfinite dimensional) internal subspace K C *H such that 
H (iK and Q{K) « r. 

Let qk denote the projection of *H onto this K. Then for all ^ H we have 
*uj^,p{a) = *u!^^p{a Qk)- (If Qk G we have a « ap/^ by LemmaEl) 

Now notice that 

||a||^„ = sup{°|>(a)| ||(/)|| -1} 

= sup {°\magK)\ \ ^eX\ 11011 = 1} < ||ae/d|.6(H), 

where in the second equality, the (jj is regarded as an element in B{H)' via the 
canonical linear combination of positive linear functionals. 
Observing that ||a PkII .g(^f) = ^{K), we therefore have 

(4) < \\agK\\,t,^H) = « r = ||7r(S)||g(^) , 

Now the conclusion follows from ([3]) and (H]). □ 

Lemma 13. The embedding tt : X" B{H) is a Banach space isometric isomor- 
phism. 

Proof. For a,b E Fin( *X) and A G C, ii ^,pe H, 

{t7r{a + Xb){p)) « *uj^,p{{a + Xbr) = *Lj^Ja* + Xb*) 
= *oj^^p{a*) + X*uj^^p{b*)) 

= (^,^(a)(p))+A(e,7r(S)(p)) = (e, 4a)(p) + A7r(S)(p)), 

hence tt is a linear operator. 

It now follows from Lemma [T^ that tt is an isometric isomorphism. □ 

In the remainder of this section, we will show that tt is in fact an isometric 
C*-isomorphism. 

Given a, 5 G X" , the mapping that takes u^^p (restricted on X), where p € H, 
to {£,, 7r(a)(7r(6)(p))) extends to a bounded linear form in X' via Proposition[8] So 
this bounded linear form is the unique c* for some c G Fin( *X). Then for ^, p G -ff, 

n{a){7r{b){p))) = ^*{^^^p) « *u;Uc*) = iX, c{*p)) « 7r(?)(p)), 

where the second equality follows from ([2]). 
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In other words, we have 7r(c) — 7r(a)7r(6). Hence the huage of tt is closed under 
the product in B{H). 
Also for e H, 

« (a(t), *P) - (*P,a*(t))- 

i.e. (7r(z)* = 7r(a*) and the image of tt is closed under the involution in B{H). 
These together with Lemma [T51 prove that: 

Theorem 14. tt is an isometric C*-isomorphism embedding X" into B{H). □ 

Recall from [2\ that the weak operator topology is the weakest topology on B{H) 
that makes all w^.p, £ continuous. It is therefore generated by open sets of 
the form {x £ B{H) \ x{p)) < e}, p £ H, e > 0. A von Neumann algebra is 
a C*-algebra which is closed in the weak operator topology in some representation 
as a C*-subalgebra of the algebra of bounded operators on some Hilbert space. 

Corollary 15. (Sherman- Takcda Theorem) The von Neumann algebra generated 
by a C*-algebra X is isometrically C*-isomorphic to X" . 

Proof. By Proposition [TT] (i) and Theorem [lH tt extends X isometrically and iso- 
morphically to a C*-subalgebra of B{H). Moreover, the image is the weak operator 
topological closure of X : 

Let a G X" and consider 7r(a). Suppose ^i, pi H, ei > 0, z = 1, . . . , n G N, 

n 

1=1 

Then for some e[ < e^, we have 

n n 

/\ \{%, a{%))\ < ej;, consequently 3x £ *X /\ \{%, x{*p,))\ < e[. 

i=l i=l 

By transfer, we then have 

n 

3x€X /\ m, x{p,))\ < e',. 
1=1 

So 7r(a) is in the weak operator topological closure of X. 

Hence the image of tt is the von Neumann algebra generated by X in B{H). □ 
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Remark 16. (i) The above shows that the weak nonstandard hull of a C*- 
algebra is always a von Neumann algebra. 

(ii) The predual of the von Neumann algebra generated by X is simply X' . (See 
also Sakai's Theorem f|2] in.2.^.2).) 

(iii) The bicommutant of X in B{H) is just X" . □ 

By results in [4], the product on X" given by ab := tt^^ (7r(a)7r(fo)) is the same 
as the left and the right Arens product. But in the current setting there is a better 
representation of the Arens product deriving from the convergent nets in the weak 
operator topology. 



Theorem 17. Given a,b ^ Fin(*A'), there is Uq £ Fin(*A"), oq « a, such that 

7r(a)7r(6) = 7r(ao&). 

Similarly, there is bo G Fin(*A'), 5o ~ b, such that 'K(a)'K(b) ~ 7r(a6o)- 
Moreover, oq (resp. Bq ) can be chosen from the internal extension of a net 

converging to Tr{a) (resp. Tr{b) ) in the weak operator topology. 

Proof. Let a,b E Fin( *X), write c = a* . Let q £ X, i £ I , a net, and q — > 7r(c) in 
the weak operator topology. Then for any finite list of ^, p G iJ, n G N, we have 

(c,(t), *{7r{b){p))) - (c(t), *{7r{b){p)))\ < for all large * G /. 

Note for i G / that 

(c.(t), *{n(b){p))} = (c,(0, {n(b){p))) « 

Therefore the family {J-Ho,n.i} has the finite intersection property, where the in- 
dices range over all finite dimensional subspace Ho C H, n G N and i E I, and 
^Ha.n,i is the internal set of the [K, k), where K is an internal subspace of *H and 
K includes Hq as a subspace, i < k E */, for all e K with — \\p\\ — 1, the 
following is satisfied: 

(c.(t),6(»)) - (c(*0, *{nib){p)))\<n-\ 

By enough saturation, we let (K, k) be an element in the intersection of the family 
{^Ho,n,i }• Then for ^, p e H (hence *p e K), we have 
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On the other hand, 

(c,(t), &(»)) = (t, clibCp))) = (C, 7rM)(V)). 
Since Cfc w c = a*, if we let ao = c%, then ao » a and the above shows that 
7r(a:)7r(6) = 7r(ao6). Note that ao G Fin(*X). 

The second statement of the theorem follows a dual argument, i.e apply the 
above to b*a*. □ 



Remark 18. In general, for a,b & Fin( *X) the product ab in X" is not the same 
as ab. For example, take H = ^^(N) and X = B{H). Fix N e *N \ N. Let a e *X 
be the operation that interchanges the first and the Nth coordinates in each ^ £ H. 
Then = 1 so a'^ = 1 but a is the operator that replaces the first coordinate in 
each ^gH byO. □ 
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